By using local and global image information, a novel active contour method based on the p-Laplace equation for image segmentation is proposed in this paper. The force term in the evolution equation incorporates global, local and edge information of the image. The global and local terms drag the contour towards object boundaries precisely and take care of the contour movement when it is away from the object. Meanwhile, the integration of edge stopping function in this force term ensures the stoppage of contour at object boundaries to avoid boundary leakage problem. The variable exponent p-Laplace energy is used for smoothness of the level set to detect the exact object boundaries in the presence of complex topological changes and deep depression. Finally, the adaptive force and p-Laplace energy term are jointly integrated into a level set by using a simple finite difference scheme to build the final evolution equation for the method. The proposed method has strong capability to accurately segment the images having noise, intensity inhomogeneity, and complex object boundaries. Moreover, the proposed method overcomes the problem arise from contour initialization as the evolution of contour is independent of the initialization of level set function. Experimental results on synthetic, real and medical images along with two publicly available databases validate the robustness and effectiveness of the proposed method.
I. INTRODUCTION
B oundary detection and image segmentation are very basic problems and have a significant effect in the fields of computer vision and image processing [1] . Image segmentation is a well-known technique which subdivides the image into particular regions to extract the meaningful objects from that image. The accuracy of this process is extremely effected when the image contains noise, low contrast, and intensity inhomogeneity. The occurrence of intensity inhomogeneity mostly depends on the spatial variations in illumination and defects in imaging devices which makes it difficult to isolate the object boundaries and background. Thus far, different
The associate editor coordinating the review of this manuscript and approving it for publication was Md. Asikuzzaman. techniques and approaches have been devised using the level set methods including active contour models in the field of image segmentation. In the beginning, Kass et al. [2] proposed an effective method for segmentation based on active contours which obtained closed and smooth boundaries, since then active contours have been frequently used in this area. The basic principle of active contours is deforming a curve towards object boundaries by using a force according to a partial differential equation [3] . These methodologies used several image characteristics like gradient, statistical and curvature information. Due to different image characteristics, the active contour models [4] - [29] are further divided into two categories: edge-based models [4] - [7] , [20] , [28] and region-based models [9] - [15] , [15] - [19] , [22] - [26] , [29] . Edge-based models [4] - [7] , [20] , [28] use a balloon force VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ consist of image gradient information to drag the curve towards desired boundaries. These models are very strong in detecting distinct object boundaries but unable to segment the images having weak edges, intense noise, and blurred boundaries. On the contrary, Region-based models [9] - [19] , [22] - [26] , [29] perform accurately in the presence of fuzzy and weak boundaries as they use the information based on regions within the image.Classic region-based models consider the intensity of the whole image as homogeneous. Therefore, they fail to segment the images with intensity inhomogeneity. Both edge and region-based models have their own advantages and disadvantages. Edge-based models perform effectively when the objects in the image have a distinguished difference with the background and consist of sharp edges. On the other hand, region-based models can perform properly for the images having noise and weak boundaries as they use the statistical information of regions inside and outside the evolution curve. To obtain the benefits of both models we exploit edge and region-based information in the proposed method.
Region-based models are further classified into global [9] , [10] , [22] , local [11] - [15] and hybrid [15] - [19] , [23] - [26] , [29] region based models. The most classical and famous global region based model is a Chan-Vese model [22] which is extracted from piecewise constant Mumford and Shah method [21] . This model works on the assumption that the given image has constant intensity values within the entire region. Therefore, the performance of this model is very poor for the images with intensity inhomogeneity. To resolve the problem of the previous model Li et al. proposed a local region based model known as LBF (local binary fitting) model [14] . This method utilize local image information and provide satisfactory results for the images having intensity inhomogeneity. Despite having a good performance for intensity inhomogeneity, this method is considerably sensitive to the initialization of the contour. Another local region based method called localized active contour method (LAC) [11] is proposed by Lankton and Tannenbaum. In this method global region-based methods are revised by substituting global region based information with image local information. This method performs well for intensity inhomogeneity and sensitive to the position of initial contour like other local region based models [11] - [15] . Due to the presence of local information terms in their formulations, these models also have high computational time complexity. Figure 1 shows the segmentation results of one inhomogeneous image. Figure 1 Figure 1 (c) display results of LBF and LAC methods respectively. It can be seen that local models handle intensity inhomogeneity properly unlike Chan-Vese model. To overcome the problem of contour initialization Wang and He [10] proposed a region based model in which contour can be initialized to any constant function. This method is totally independent of the position of initial contour but it fails to perform in the existence of intensity inhomogeneity. Zhou and Mu [28] introduced the FIGURE 1. Segmentation of images having a white background and intensity inhomogeneity in objects a: Chan-Vese method. b: LBF method. c: LAC method. p-Laplace equation in level set evolution to handle the complex topological changes and to precisely detect the boundary despite deep depression. Recently, Chenchung and Li [9] modified Bin Zhous work [28] by inserting Chan-Vese model with p-Laplace energy to form a level set equation. This model works accurately for the images having noise and blurred boundaries but unable to segment the inhomogeneous images. Previously, hybrid active contour models [16] - [19] , [23] - [26] , [29] have become very famous in solving these problems. These methods integrate region-based information with edge information to formulate an energy function. Due to the presence of both type of information they have higher accuracy when compared to the traditional edge or region based models. Oh et al. [17] has formulated a hybrid method by incorporating edge information into a region based energy function. This method uses the Chan-Vese model [22] and coupled it with geodesic edge term taken from GAC model [20] and accomplish results on medical images. Motivated by these previous works, we propose a novel adaptive active contour method in partial differential equation (PDE) formulation.
In the proposed method, evolution equation is formed by a force, regularization and p-Laplace term. Force term consists of global, local and edge information. Global term drives the movement of the contour when it is away from the object while the local term controls the contour in the intensity varying area. The introduction of the scaled edge term ensures the stoppage of the contour at desired boundaries and overcomes the boundary leakage problem. The sign of this force term determines that the contour will move towards or away from the object boundary. The regulation term is responsible for controlling the smoothness of the level set function. The third term in the evolution equation is a p-Laplace energy term is also behaves as a regularization term. This p-Laplace term takes care of smoothness of the contour in the presence of noise [9] . Due to which, the proposed method is very effective in segmenting the noisy images along with the intensity inhomogeneity. The proposed approach completely eliminates the need for contour initialization as contour can be initialized to any bounded function (e.g. a constant function). By using the proposed method, experiments are conducted over several synthetic, real and medical images. Experiment results show that proposed scheme has a better performance than the previous techniques. Rest of this paper is structured as follows. In section 2, background and related previous methods are discussed. The proposed methodology is briefly explained in section 3. Experimental results and comparisons using synthetic and real images are shown in section 4. In the end, some conclusions are drawn in section 5.
II. BACKGROUND AND RELATED WORK A. GEODESIC ACTIVE CONTOUR (GAC) METHOD
The GAC model [20] is a very basic active contour model for image segmentation which uses image gradient information to detect the boundaries of the objects in an image. In the given image I : [0, a] × [0, b] → R + , let be a bounded open subset of R 2 and C(q) : [0, 1] → R 2 be a parameterized planer curve in this subset . Then the GAC model is obtained by minimizing the following energy function:
where g is the edge indicator function (ESF) given as follows:
where G is a Gaussian kernel having standard deviation σ . By applying the calculation of variation [30] , the Euler-Lagrange equation of Eq.(1) is as under:
where N is the inward normal and κ denotes the curvature of the contour. To increase the speed of the propagation, a velocity term ? is added to the above equation and Eq.(3) can be rewritten as:
Then the final level set equation can be written as follows:
where α denotes balloon force which is responsible for controlling the shrinking or expanding speed of the contour. This model uses the gradient information to detect the boundaries. Therefore, it fails in the presence of noise and blur boundaries.
B. THE CHAN-VESE (CV) MODEL
Chan-Vese [22] proposed an active contour model which is a special case of the most famous and basic region-based segmentation model, the Mumford-Shah model [21] . Let I : → R 2 be an input image and C is a closed curve. Then the Chan-Vese model is expressed by the following energy function:
where µ ≥ 0, v ≥ 0, and λ 1 , λ 2 ≥ 0 are constants. The first and second terms in Eq.(6) are the Euclidean length of the closed curve C and area inside the closed curve C. H ε (φ) is the regularized Heaviside function defined as:
where ε controls the smoothness of the Heaviside function. This model is based on the approximation of intensities values inside and outside the closed curve C which are defined as c 1 and c 2 . Keeping φ fixed and minimizing energy function in Eq. (6), we have the values of c 1 and c 2 as follows:
By applying the gradient descent method [30] , we obtain the following level set formulation:
where δ ε (φ) is the smooth version of Dirac delta function and is defined as:
Chan-Vese model [22] uses global characteristics of the image and considers intensity as homogeneous inside and outside the contour. Therefore, this method provides unsatisfied segmentation for the images having intensity inhomogeneity.
C. LOCALIZSED ACTIVE CONTOUR (LAC) MODEL
Lankton and Tannenbaum proposed a localized region-based active contour model [11] to express the inhomogeneity in images. The contour evolution is based on local region statistical information instead of global information. The basic idea of this model is to divide the inhomogeneous region into small homogeneous regions. For this purpose, this model uses a ball function which is defined as:
where r denotes the radius and x is the center point of the ball function. When point y lies within the radius r of the ball function, this function is 1 and 0 otherwise. Using ball VOLUME 7, 2019 function B(x, y), Lankton and Tannenbaum proposed the following energy function (13) In the above equation (13) F
where u x and v x are the localized means inside and outside the contour respectively. These intensities are localized by ball function B(x, y) at point x and are determined as:
By apply gradient descent method [30] and taking the first variation of Eq.(13) with respect to φ, the final level set equation is obtained as:
This method is capable of dealing images having intensity inhomogeneity and provides satisfactory segmentation results. The limitation of this model is that it is sensitive to the initial position of the contour.
D. WANG AND HE MODEL
To overcome the problem of contour initialization, Wang and He [10] proposed an adaptive level set evolution starting with a constant function. The evolution equation is consists of two forces: An adaptive force and a regularization force. Adaptive force is responsible for the movement of the contour and pulls the contour towards the object boundaries. Meanwhile, the regularization force controls the propagation speed and smoothness of the contour. The formulation of this approach is as follows:
where α and β are the scaling constants. F adp and F reg are the adaptive and regularization forces respectively and are defined as:
In Eq. (19) and Eq. (20) g is the edge stopping function which stops the contour at desired boundaries and is given as:
The final form of this model in partial differential equation (PDE) framework on the level set function φ is defined as follows:
where c 1 and c 2 are the intensities inside and outside the contour respectively. Adaptive force f is given as follow:
This model [10] completely eliminates the need for initial contour as the level set can be initialized to any constant function. The limitation of this model is that it fails in segmenting the intensity inhomogeneous and too much noisy images.
E. ESRAC MODEL
Oh et al. [17] proposed a hybrid region and edge-based model named as edge scaled region-based active contour model by combining both edge and region-based information. This model integrated edge indicator function into Chan-Vese model and then scaled it with geodesic active contour model by using a weighted coefficient. This method has the following formulation.
where α is a weighted parameter which is responsible for keeping a balance between region and geodesic edge term and its value is between 0 ≤ α ≤ 1. g(x) is monotonically decreasing edge indicator function and is defined as:
Minimizing Eq.(24) by using gradient descent method [30] , the final level set equation for this method is written as:
By using edge and region information jointly, this method can segment blurred boundaries accurately. However, this method provides unacceptable results in the presence of intensity inhomogeneity.
F. P-LAPLACE EQUATION
Using the formulation of p-Laplace equation, Zhou and Mu [28] proposed a weighted p-Dirichlet integral as the geometric regularization on the zero level set for boundary extraction. The formulation of energy function is as follows:
where λ d , λ c , and λ p are scaling constants.
E d is the energy used to keep the level set function close to signed distance function [7] . Energy E c is used to drive the curve towards object boundaries and E p is the weighted p-Dirichlet integral used to keep the contour smooth. The final evolution equation for this method is:
where g, H (φ), and δ(φ) are the edge indicator, Heaviside and Dirac delta functions defined in Eq.(2), (7) , and (11) respectively. Chencheng and Li [9] modified the above model by integrating degraded Chan-Vese model [18] into the previous model. The degraded Chan-Vese energy is defined as:
where c 1 and c 2 are the intensities inside and outside the contour respectively and are defined in Eq. (8) and (9) . The final level set Equation for this model is expressed as:
where p(I LRS ) is a value between 1 ≤ p(I LRS ) ≤ 2 and is determined by image information. This method can deal well with the noisy images but fails to detect boundaries in the presence of intensity inhomogeneity.
III. ACTIVE CONTOURS DRIVEN BY LOCAL AND GLOBAL FITTING ENERGIES BASED ON P-LAPLACE EQUATION
In this section, we present a novel hybrid active contour model formed by using global and local region information along with scaled edge term and its formulation. The proposed method introduces a new force term by using the global and local region information integrated with gradient information. Global and local intensity information in the proposed force term drags the contour towards the object boundaries even in the presence of intensity inhomogeneity. While the gradient based edge term stops the contour at desired edges and avoids the boundary leakage problem. During the evolution of level set equation, the contour proceeds inward or outward due to the sign of the proposed force. Finally, a p-Laplace force is used in an additive way for the smoothness of the contour in the case of noisy images. Let I : ⊂ R 2 → R be the given image, then inspired by Wang and He model the level set equation of the presented method is given as follow:
where α, β, µ > 0 are constants and F AGL in eq.(34) is the proposed adaptive global and local force term. We formed the global term by integrated edge information with Chan-Vese energy [22] which is given as:
E GE is the global energy term in the proposed method. g(∇I ) is positive decreasing edge indicator function [17] and is defined in Eq.(2). c 1 and c 2 are the intensities inside and outside the contour and are expressed as:
The level set equation for global energy is [17] ∂φ ∂t = ∇φ − g(I )(I − c 1 ) 2 + g(I )(I − c 2 ) 2 (38)
In the proposed method the local energy is formulated by coupling the edge function with localized active contour (LAC) method [11] . This local energy E LE is defined as:
where B(x, y) is a ball function defined in Eq. (12) . u and v are the localized means inside and outside the contour and are redefined as: By using gradient descent method [30] the level set equation for Eq.(39) is written as:
By using the Eq.(38) and Eq.(42) and applying the degraded Chan-Vese model [18] , we proposed the following adaptive global and local force
where w is the weight coefficient having values between 0 and 1. Global and local intensities c 1 , c 2 , u and v are defined in Eq.(36), (37), (40) and (41). The movement of the contour during evolution process is monitored by this force as it changes its direction on the basis of the sign of the proposed adaptive force. If F AGL (x, y, φ) < 0, then ∂φ ∂t < 0, the level set function decreases and level set increases when F AGL has a positive sign. By this change in sign, the contour can move up or down adaptively by utilizing image statistical information. Therefore, the function can be initialized to any constant function which constructs the zero level curve automatically. So this approach completely eliminates the need for initial contour. The behavior of the proposed force term is explained in Figure 2 . When the value of w is closer to 1 then global force is dominant and it considers the intensity information inside and outside the contour as shown in Figure 2 (a). Figure 2(b) shows the dominance of the local force as intensity within the local circle is used. Figure 2(c) illustrates the combination of local and global terms and green arrows describe the presence of edge stopping function in the adaptive global and local force. The existence of this edge stopping function in the force term avoids the contour to escape boundaries. The second term in Eq.(34) is the p-Laplace force which plays important role in smoothing the contour particularly in noisy images. This term is extracted from the p-Laplace energy which is defined as:
where p is a parameter and its value varies between 1 to 2. The p-Laplace force F PL is derived from the Eq.(44) by taking its derivative with respect to φ. Finally, the p-Laplace force is given as follows:
Third and last term in Eq.(34) is called the regularization term which is responsible for the smoothness of the zero level set and controls the occurrence of infrequent small contours in the final segmentation. This term can be written as:
In this paper, we used Heaviside H (φ) and Delta Dirac δ(φ) function as defined in Eq. (7) and Eq. (11) . By combining all the three forces in Eq.(43), (45) and (46) the final level set equation for the proposed method is defined as:
where α, β > 0 are constant. As α gives weight to the force term so it is responsible for controlling the propagation speed of the level set function and β is used to detect the distinct or jagged boundaries. One more advantage of the proposed method is that it is independent of the position of initial contour. Therefore, the level set function is initialized to any constant function. The initialization of the contour for the proposed method is defined as: where ρ is a positive constant. In summary, the iterative steps of the suggested algorithm are given as follows:
IV. EXPERIMENTAL RESULTS AND DISCUSSION
In this section, the performance of the proposed method is elaborated on some synthetic, real and medical images. The results on all these images illustrate the robustness of the proposed method in comparison with the other methods.
The proposed method is tested on various real and medical images selected from different repositories. This method is implemented and tested on MATLAB R2015a version installed in the 64-bit operating system (windows 7) having 3.40 GHz Intel Core-i7 microprocessor with 8 GB of RAM.
There is no need of contour initialization in the proposed method, therefore, the initial level set function is initialized to a constant function, i.e. φ 0 = 2 in all the experiments. Algorithm 1) Initialize φ = φ 0 (x, y) with Eq (49) 2) n = 1.
3) while n < N max do 4) Compute (2), (36), (37), (40) and (41) respectively.
5)
Calculate forces by computing (43), (45),(46) respectively.
6)
Evaluate φ using (48). 7) n = n + 1. 8) end while 9) Output: Final segmentation result, final φ.
The parameters used in all our experiments are α = 1, β = 1, t = 2, µ = 0.003, and p = 1.99. w is a weight variable so its value is different for every image 0 ≤ w ≤ 1.We compared our results with CV model [22] , LAC model [11] , and Huang model [9] to verify the correctness of our method. We have tested our method on different categories of images as shown in Figure 3 .The first image in the first row is a simple synthetic image while the second image does not have distinct boundaries. The third image in the top row shows the result of the proposed method on a noisy image. The second row in Figure 3 consists of an image having intensity variation in the background, an image contained inhomogeneous intensity object and an inhomogeneous image. The results on all categories of images show that the proposed method gives satisfactory performance on all these images. In Figure 4 , results on some real images and comparison with other methods have shown. The images in the first and second row have small intensity changes at the edges of the objects. The last three rows have the images with complex background therefore in all other methods the contour is completely failed to detect the boundaries. The proposed method is segmenting all these objects precisely even in the presence of complex background. Figure 5 explains the comparison of the proposed method with other three models for segmentation of some noisy images. The first row consists of original images while the next three rows show the results for Chan and Vese [22] , LAC [11] and Huang model [9] respectively. The results of the proposed method are shown in the last row in Figure 5 . In the results of CV and LAC models, the contour is scattered in all the images and fail to distinguish object boundaries from the background. Huang model provides some good results in comparison to the other methods but fails to give smooth contour at the object boundaries. The results of the proposed method prove that this technique can easily overcome the presence of noise in the images. The results of the proposed method on some inhomogeneous images and their comparison with other methods are displayed in Figure 6 . CV [22] and Huang [9] models completely fail to segment the objects when the images have inhomogeneous intensity because these model only use the global image information. LAC model [11] is a local model but the results of this model are not satisfactory as it is much sensitive to the position of initial contour. The performance of the proposed method on inhomogeneous images is more acceptable as compared to all other three methods.
The results of the proposed method on some inhomogeneous images and their comparison with other methods are displayed in Figure 6 . CV [22] and Huang [9] models completely fail to segment the objects when the images have inhomogeneous intensity because these model only use the global image information. LAC model [11] is a local model but the results of this model are not satisfactory as it is much sensitive to the position of initial contour. The performance of the proposed method on inhomogeneous images is more acceptable as compared to all other three methods. Figure 7 illustrates the results of the proposed and other three methods on the real images taken from Caltech database [34] . All these images are selected from different categories of that database. The first image is taken from brain category while second, third and fourth are selected from tick, starfish and airplane category respectively. The first column in Figure 7 contained original images with their ground truths and second, third and fourth columns show the results for CV [22] , LAC [11] , and Huang [9] method respectively. As shown in Figure 7 the results of all the other three methods are not accurate as compared to their ground truths. The last column has the segmentation results of the proposed method and these results are exactly matching with the respective ground truths. So the proposed method performs well on the real images as well in comparison to the other three methods. The proposed method provides satisfactory results on many synthetic and real images. This method also overcome the problem of contour initialization and eliminates the need for initial contour. So the level set function can be initialized to any constant function and we used φ 0 = 2 in all these experiments.
V. QUANTITATIVE ANALYSIS
This section explains the quantitative analysis of the results of the proposed method and compared them with other stateof-the-art methods.
A. EVOLUTION ON SKIN LESION IMAGES (PH 2 DATABASE)
In the recent years, the pace of skin cancer has been increasing consciously and Melanoma is its dead-dealing form [31] . Early detection and proper treatment play a critical role to increase the rate of survivals. Many researchers worked to detect melanoma in skin lesion images in these past years. Therefore, we applied the proposed method on a publically available database named as PH 2 database [33] . Figure 8 shows the results on images taken from that database and the proposed method performance is quite acceptable when compared with the ground truths. The green color contour is the ground truth and the magenta color contour is the result of the proposed method on dermoscopic images. In Table 1 , we compared the proposed method on PH 2 database [33] to verify the performance of this method over the other three methods. Accuracy term tells us the overall accuracy of the segmentation result across the whole image domain. For accuracy calculations, the sum of all the true positives (TP) and true negatives (TN) is divided by the sum of true positives, true negatives, false positives (FP) and false negatives (FN) as given in Eq. (50). Moreover, we have also computed and compared the CPU time and iterations of each method in Table 2 . It shows that, proposed method is 
Specificity shows the ignorance of the true negative region during segmentation while the sensitivity describes that whether obtained information has same information we need without considering false positives. The specificity and sensitivity are calculated as follows: To validate our method on real images, we selected another publically available database known as Caltech database [34] .
This database has different categories of objects contained many real images. We applied our method on some images from several categories to prove the correctness of the method. Figure 9 shows the segmentation results of the proposed method along with the ground truths. The first row consists of the images from categories anchor, brain, airplanes, and starfish. The blue and yellow contours are ground truths while green and red contours are the results of the proposed method for all the images in Figure 9 . In the second row, images are selected from bonsai, brontosaurus, lotus, and dragonfly from left to right respectively. The third row contained images from flamingo, tick, wrench, and umbrella while the last row has images from menorah, butterfly, bonsai and lotus categories from left to right respectively. Figure 9 shows that in every image the resulting contour of the proposed method overlaps the ground truths. Figure 10 explains the quantitative analysis of the proposed method on the real images collected from Caltech database. For comparison with the other method, we calculate Hausdorff distance (HD) for all the methods. HD is the measurement of the distance between the ground truth contour (GT) and the final segmented contour (FS). So for the good segmentation result HD should be minimum and Figure 10 shows our method has the minimum value of HD along with all these methods. For best segmentation results Hausdorff distance should be close to 0. HD is calculated by the following equation. We have also computed and compared the Average CPU time and iterations of each method in Table 3 . Results has out performed the previous methods in efficiency and time. 
where GT and FS contours contain set of points GT = gt 1 , gt 2 , gt 3 , . . . , gt n , FS = fs 1 , fs 2 , fs 3 , . . . , fs n respectively, and d is the distance from gt i to the closest point on contour FS. Segmentation results show that the proposed method has satisfactory performance on real images as well. [34] .
VI. CONCLUSION
This paper presents a hybrid region-based active contour model for image segmentation by using (PDE) formulation. The evolution of contour is controlled by a force term, p-Laplace term, and a regularization term. To achieve the accurate results and enhance the performance of the method, we coupled edge indicator function into global and local intensity information to formulate an adaptive force. Due to the use of both intensity information and integration of the edge stopping function in adaptive force, the proposed method provides accurate segmentation results on various types of images. The edge stopping function is used to stop the contour at the required boundaries and to avoid boundary leakage problem. The p-Laplace force is used to keep the evolution of contour smooth for noisy images. Moreover, the need of initial contour is completely eliminated as the level set function can be initialized to any constant function. A simple explicit finite difference scheme having a larger time step is used to implement the given algorithm. This method is able to segment the noisy and inhomogeneous images properly. Experimental results prove that the proposed algorithm yields better segmentation results for many synthetic, real and medical images. Furthermore, comparison results with the other methods and evaluation on PH 2 and Caltech datebases verify the robustness of our technique.
